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1 Introduction 

In this article, we describe a method of constructing certain types of calibrated 
submanifold of R and R 8 with symmetries. The main result is the exhibition 
of explicit examples of U(l)-invariant associative cones in R 7 and Cayley 4-folds 
in R 8 which are invariant under SU(2). This research is motivated by the work 
of Joyce in fj] on special Lagrangian (SL) m- folds in C m , and the work of the 
author in [BJ. 

In Section [2 we describe the calibrations and calibrated submanifolds that 
are the focus of our study. These are called associative 3-folds and coassociative 
4- folds in R 7 and Cayley 4-folds in R 8 . 

The method of construction to produce calibrated submanifolds with sym- 
metries is discussed in Section [3j The key result is that we may define examples 
using a system of first-order ordinary differential equations. This section also 
reviews the relevant material from [BJ. 

Sections 2] and [5] contain the explicit examples. The first gives the system of 
differential equations defining U(l)-invariant associative cones. These equations 
are solved in a special case to give a 4-dimensional family of associative cones 
over T 2 . Further, using the material in [BJ §6] and these cones, we produce 
examples of ruled associative 3-folds. 

Section [5] considers Cayley 4-folds invariant under an action of SU(2). The 
family of all Cayley 4-folds invariant under this action is described using a real 
octic and three real quartics. Cayley 4-folds invariant under SU(2) are also 
considered in [JJ ; there is some overlap between our example and those given in 
this reference. 

The final section gives some further examples of systems of ordinary dif- 



ferential equations denning associative, coassociative and Cayley submanifolds, 
each associated with a symmetry group which is described. 

Notes 

(a) Manifolds are assumed to be nonsingular and submanifolds to be immersed 
unless stated otherwise. 

(b) By a cone in W 1 we shall mean a dilation-invariant submanifold of W 1 
which is nonsingular except possibly at 0. 

2 Calibrated submanifolds of R 7 and M 8 

2.1 Calibrated geometry 

We define calibrations and calibrated submanifolds following the approach in [5] • 

Definition 2.1 Let (M,g) be a Riemannian manifold. An oriented tangent 
k-plane V on M is an oriented fc-dimensional vector subspace V of T X M, for 
some i in M. Given an oriented tangent fc-plane V on M, g\y is a Euclidean 
metric on V and hence, using g\y and the orientation on V, there is a natural 
volume form, voly, which is a fc-form on V. 

A closed fc-form 77 on M is a calibration on M if ry|y < voly for all oriented 
tangent fc-planes V on M , where 77 |y = k ■ voly for some k £ 1, so n\y < 
voly if k < 1. An oriented fc-dimensional submanifold N of M is a calibrated 
submanifold or 77- submanifold if J/It^w = voIj^at for all x € A. 

Calibrated submanifolds are minimal submanifolds [2j Theorem II. 4. 2]. The 
minimality of calibrated submanifolds provides the following property, as dis- 
cussed in |2 • 

Theorem 2.2 A calibrated submanifold is real analytic wherever it is nonsin- 
gular. 

2.2 Associative and coassociative submanifolds of R 7 

The convention we adopt here for calibrations on IR 7 agree with [3l Chapter 10] . 

Definition 2.3 Let (xi, . . . , xj) be coordinates on M. 7 and write dxy.. j~ for the 
form dxi A dxj A ... A dxk ■ Define a 3-form <po by: 

ip = dxi23 + dxi4 5 + dxi 67 + rfx 24 6 - dx. 2 57 - dx 3i7 - dx 356 . (1) 
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By [21 Theorem IV. 1.4], ipo is a calibration on R 7 and submanifolds calibrated 
with respect to ipo are called associative 3-folds. 

The 4-form *ifo, where ipo and *tpo are related by the Hodge star, is given 

by: 

* lfi Q = dx 45 67 + dx 23 67 + dx 2 345 + dXl357 - dxi 346 - <±Xi 256 ~ rfx i2 47- (2) 

By [51 Theorem IV. 1.16], *tpo is a calibration on R 7 , and *<£o-submanifolds are 
called coassociative 4-folds. 

Remark The form (po is often referred to as the G 2 3-form on R 7 since the Lie 
group G 2 may be defined as the stabilizer of ipo in GL(7,R). 

We have a far more useful description of coassociative 4-folds which follows 
from [H Proposition IV.4.5 & Theorem IV.4.6]. 

Proposition 2.4 A 4~ dimensional submanifold M of R 7 , with an appropriate 
orientation, is coassociative if and only if (Po\m = 0. 

2.3 Cayley submanifolds of R 8 

Our definition of a distinguished 4-form on R 8 used to describe Cayley 4-folds 
agrees with the convention in [3l Chapter 10]. 

Definition 2.5 Let (xi, . . . ,x$) be coordinates on R 8 and write dxy...fc for the 
form dxi A dxj A ... A dxk ■ Define a 4-form $o by: 

$0 = dxi 234 + (/Xi256 + cfol278 + dx u57 - dxi 368 - dxuss - dxi 467 

+ rfx 56 78 + dx 3478 + dx 3456 + dx 246 s - dx 2457 - dx 236 7 - c?x 2358 . (3) 

By [H Theorem IV. 1.24], $o is a calibration on R 8 , and submanifolds calibrated 
with respect to 4>o are called Cayley 4-folds. 

Remark The stabilizer of $o in GL(8,R) is the Lie group Spin(7). We may 
thus refer to $o as the Spin(7) 4-form. 

3 Constructing examples with symmetries 
3.1 Evolution equations 

In [6], an evolution equation for associative 3-folds in R 7 was derived as a gen- 
eralisation of the work of Joyce [1] on special Lagrangian m- folds in C m . The 
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proof relies on Theorem 12.21 and the following result from Harvey and Lawson 
[2 Theorem IV.4.1]. 

Theorem 3.1 Let P be a 2- dimensional real analytic submanifold of R 7 . There 
locally exists a real analytic associative 3- fold N in R 7 which contains P. More- 
over, N is locally unique. 

We now present the theorem [6] Theorem 4.3]. 

Theorem 3.2 Let P be a compact, orientable, 2- dimensional, real analytic 
manifold, x a rea ^ analytic nowhere vanishing section of A 2 TP and tp : P — ► R 
a real analytic embedding (immersion). There exist e > and a unique family 
{ipt '■ t <E (— e, e)} of real analytic maps ipt '■ P —> R 7 with ip = ip satisfying 



where (go) cd is the inverse of the Euclidean metric on W. 7 , using index notation 
for tensors on R 7 . Define * : (— e, e) x P — > R 7 by ^{t,p) = ipt(p). Then 
Al = Imaged is a nonsingular embedded (immersed) associative 3- fold in R 7 . 

We sketch the key ideas in the proof. Since P is compact and P, x, "0 
are real analytic, the Cauchy-Kowalevsky Theorem Theorem B.l] from the 
theory of partial differential equations gives a family of maps ipt a s stated. We 
may therefore define $ and M as in the statement of the theorem. Theorem 
13. II implies there locally exists a locally unique associative 3- fold N containing 
ip(P). Showing that N and M agree near tp(P), using the fact that <po is a 
calibration, allows us to deduce that M is associative. 

Using the associative case as a model we can quickly derive analogous evo- 
lution equations for coassociative and Cayley 4- folds. 

We first require two results, [21 Theorem IV. 4. 3] and [21 Theorem IV. 4. 6], 
which are both similar to Theorem 13. 11 

Theorem 3.3 Suppose P is a 3-dimensional real analytic submanifold o/R 7 
such that tfo\p = 0. There locally exists a real analytic coassociative J^-fold N 
in R which contains P. Moreover, N is locally unique. 

Remark Unlike Theorem 13.11 we have to impose an extra condition on the 
boundary submanifold P in order to extend it to a coassociative 4- fold in R 7 . 

Theorem 3.4 Suppose P is a 3-dimensional real analytic submanifold of R 8 . 
There locally exists a real analytic Cayley J^-fold N in R 8 which contains P. 
Moreover, N is locally unique. 
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With these results at our disposal, it is clear that we may prove results like 
Theorem 13.21 for coassociative and Cayley 4-folds in exactly the same manner, 
so we omit the proofs. 

Theorem 3.5 Let P be a compact, orientable, 3- dimensional, real analytic 
manifold, \ a, rea ^ analytic nowhere vanishing section of A 3 TP and -0 : P — > R 7 
a real analytic embedding (immersion) such that ij>*(ipo) =0 on P. There exist 
e > and a unique family {ip t ■ t € (— e, e)} of real analytic maps if>t : P — > R 7 
with ipQ = ip satisfying 



using index notation for tensors on R 7 , where (go) de is the inverse of the Eu- 
clidean metric on R 7 . Define : (— e, e) xF->R 7 by ty(t,p) = iptip)- Then 
M = Imaged is a nonsingular embedded (immersed) coassociative 4-fold in R 7 . 

Note The condition -ip*((po)\p = implies that (po vanishes on the real analytic 
3-fold ip(P) in R 7 and allows us to apply Theorem 13. 31 as required. 

Theorem 3.6 Let P be a compact, orientable, 3- dimensional, real analytic 
manifold, \ a rea l analytic nowhere vanishing section of A 3 TP and tp : P — > R 8 
a real analytic embedding (immersion). There exist e > and a unique family 
{ipt '■ t € (— e, e)} of real analytic maps ipt ■ P —> R 8 with tpo = ip satisfying 



using index notation for tensors on R 8 , where (go) de is the inverse of the Eu- 
clidean metric on R 8 . Define * : (-e,e) xP->R 8 by W(t,p) = iptip)- Then 
M = Imaged is a nonsingular embedded (immersed) Cayley 4-fold in R 8 . 

3.2 The symmetries method 

Now that we have a means of constructing calibrated submanifolds of R 7 and 
R , we shall consider the situation where the submanifold has a large symmetry 
group. The imposition of symmetry on the system reduces its complexity. This 
observation motivates our method of construction, which is a generalisation of 
the work of Joyce in 0]. 

We know from the remarks after Definitions 12.31 and 12.51 that it is natural 
to consider subgroups of G2 «1 7 or Spin(7) K R 8 as symmetry groups for our 
calibrated submanifolds. 
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Let us consider, for example, the associative case. Suppose that G is a Lie 
subgroup of G2 kR 7 which has a two-dimensional orbit OCR 7 . Theorem 13.21 
allows us to evolve each point in O transversely to the action of G and hence, 
hopefully, construct an associative 3-fold with symmetry group G. 

Formally, take ^ to be a nowhere vanishing section of A 2 TG, which can 
easily be determined by finding a basis for the Lie algebra of G. Define i/j : G — > 
O C R 7 to be an embedding given by 

^(7) = 7 ' [xi, •••,£7) 

for 7 G G, where (xi, . . . , x 7 ) is a point in O and 7 • (x±, . . . , £7) denotes the 
action of G on R 7 . Finally, for t G K, let ip t : G -> R 7 be given by 

V>t(7) = 7 ' ■ ■ ^^(t)), 

where xi(t), . . . , 0:7(4) are smooth real-valued functions of t with Xj(0) = Xj for 
J = l,...,7. 

We may thus calculate either side of ([4]) and get a coupled system of seven 
first-order differential equations in seven variables dependent on t; that is, of 
the form 

(xi(t), . . .,x 7 (£)) = (yi(xi(t), . . .,x 7 (t)),. . .,y 7 (xi(t), . . .,x 7 (t))^j 
for functions y% , . . . , y 7 : M 7 — > R. 

Remark y%, . ■ ■ ,y 7 are quadratic functions of their arguments. 

By Theorem I3.2[ a unique solution to this system exists for t £ (— e, e), for 
some e > 0. Moreover, if 

M = { 1 -(x 1 (t),...,x 7 (t)) : 7 G G, t G (-e,e)}, 

it is an associative 3- fold in MJ which is clearly G-invariant. 

For the coassociative case, we need to consider Lie subgroups G of G2 kR 7 
which have a 3-dimcnsional orbit O. However, we also need to choose O so that 
fo\o =0; i.e. we need tp : G — > O to be an embedding such that ip*((po) = on 
G. 

To construct Cayley examples with symmetries, we need to focus on Lie 
subgroups of Spin(7) x R 8 that have 3-dimensional orbits. 

Remark If we write the system of differential equations defining coassociative 
or Cayley 4-folds with symmetries in the form 

dx 

the components of y will be cubic functions of the variables in x. 
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The author has looked at a variety of different subgroups and has derived 
systems of differential equations defining associative, coassociative and Cayley 
submanifolds. However, in the majority of situations the author has been un- 
successful in solving the system. In Sections @] and \5\ we present two important 
cases which we have been able to solve. Some additional scenarios where the 
author has had less fortune are discussed in Section [6j 

4 U(l)-invariant associative cones 

In this section, we consider associative 3-folds which are invariant both under 
an action of U(l) on the C 3 component of K 7 = R © C 3 and under dilations. 

Definition 4.1 Let R + denote the group of positive real numbers under multi- 
plication. The group action of R + x U(f ) on M 7 = 1 © C 3 is given by, for some 
fixed «i, a2, «3 S R, 

(x 1 ,z 1 ,z 2 ,z s ) .— > (rxi, re isai Zl , re tsa2 z 2 , re lsas z 3 ) r > 0, s € R. 

To ensure we have a U(l) action in G2, we choose a%, a 2 , 0:3 to be coprimc 
integers satisfying a\ + a 2 + 0:3 = 0. 

Define smooth maps ip t '■ K + x U(l) — > R 7 by 



where x\(t), z\{t) = x 2 (t) + 1X3 (t), z 2 (t) = x^if) + ix$(t) and Zz(t) = xe(t) + 
ix-j(t) are smooth functions of t. 

Using (O we calculate the tangent vectors to the group action given in 
Definition [47T1 



re lsai Zl {t), re lsa2 z 2 {t), re lsa3 z 3 (t)) 



(7) 






') 
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If we take \— 3? A Jj, t nen ( q Pt)*{x) = uAv. We deduce that, writing ej = 



ai(xj + xl) H 


- a 2 (x\ 


+ Xg) + a 3 (xg + x 


?)) 


- ( — a\X\x 2 - 


V (a 2 - 


a 3 )(x 4 x 7 + x 5 :e 6 )} 


e 2 


- ( - 01XXXX3 - 


1- (a 2 - 


a 3 )(x 4 x 6 - x 5 x 7 )) 


e 3 


- ( - a 2 xix± - 


h (a 3 - 


ai)(x 2 x 7 + x 3 x 6 )) 


e 4 


- ( - a 2 xxx 5 - 


h (a 3 - 


ai)(x 2 x 6 - x 3 x 7 )) 


e 5 


- ( - a 3 x x x & - 


h (ai - 


a 2 )(x 2 x 5 + x 3 x 4 )) 


e 6 


- ( - a 3 xiX7 - 


h («i - 


a 2 )(x 2 X4 - x 3 X5)) 


e 7 



We also have that 
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dipt sr^ dxj(t) 
~ ^ dt 



dt 



Equating both sides of J3J using the above formulae as described in §3.2( we 
obtain the following theorem. 



Theorem 4.2 Use the notation of Definition Let (3\ = a 2 — a 3 , (3 2 = 

Q?3 — Oi\ and (3 3 = ct\ — a 2 . Let X\(t) be a smooth real-valued function of t and 
let Z\(t), z 2 (t), z 3 (t) be smooth complex-valued functions oft such that 



dx\ 
~~dt 
dz\ 
~~dt 
dz 2 
~~dt 
dz 3 
dt 



aJzil 2 + a 2 \z 2 \ 2 + a 3 \z 3 \ 2 7 



-aiXiZi + i/3xz 2 z 3 , 
-a 2 x\z 2 + i(3 2 z 3 z\ and 
-a 3 xiz 3 + i(3 3 T[z^. 



(8) 
(9) 
(10) 

(11) 



These equations have a solution for all t £ K and the subset M of K © C 3 = K 7 
defined by 

M = {(r Xl (t), re lsai Zl (t), re lsa2 z 2 (t), re lsa3 z 3 {t)) : r £ R + , s, t £ K} 

is an associative 3-fold in R 7 . Moreover, (f8"|)- (|ll[) imply that x 2 + \zi\ 2 + \z 2 \ 2 + 
\z 3 \ 2 can be chosen to be 1 and that TLe(ziz 2 z 3 ) = A, where A is a real constant. 

Proof. Noting that Pi+P 2 +/3 3 = 0, we immediately see that x\ + \zi\ 2 + \z 2 \ 2 + 
\z 3 \ 3 is a constant which we can take to be one. This is hardly surprising since 
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the associative 3-fold was constructed so as to be a cone. We also see from 
P-([TT]) that 

± (zi2 2 z 3 ) = *(/3iN 2 N 2 + 02M 2 N 2 + &N a M a ), 
at 

which is purely imaginary, and therefore He(z±z 2 z 3 ) = A is a constant. 

Notice that the functions x%, z±, z 2 and z 3 are bounded, hence their first 
derivatives are bounded by (j5j)- (fTT]) . Thus, all of the functions which determine 
the behaviour of the solutions to arc bounded, from which it follows 

that they have solutions for all t € R. □ 

Writing Zj {t) = rj(t)e ie iW for j = 1,2,3 and 6 = 6 t + 9 2 + 6 a , ([8>(fTTjl 
become 

dxi 
~~dt 
dr\ 
~~dt 



otir\ + OL 2 r% + a 3 r 2 ; (12) 
—aixiri + (i\r 2 r 3 sin0; (13) 



dr 2 
~dt 
dr 3 
dt 

J dt 

with the conditions 



-ot 2 X\r 2 + f3 2 r 3 ri sin9; (14) 
— a 3 xir 3 + /3 3 rir 2 sin#; and (15) 
for j = 1,2, 3, (16) 



xf+rf+rl+rl = 1 and (17) 
rir 2 r 3 cos6> = A. (18) 

We notice that we are restricted in our choices of the real parameter A. The 
problem of maximising A 2 , by (|17[) and (|18p . is equivalent to the problem of 
maximising r\r\r\ subject to r\ +r 2 +r| = 1. By direct calculation the solution 



1 1 

3V3' 3V3 



We can restrict to A > 



is r 2 = r\ = r 2 = |. Therefore A € 
since changing the sign of A corresponds to reversing the sign of cos 9, so the 
addition of n to 9. 

The case where A = is immediately soluble since this forces r\ = r 2 = 
r 3 = , which implies X\ — by (fT7)) and cos 6* = 1 by (TT5|) . so we can take 
= 0. Equations (HHJ) become 

ld9 1 = J_p for j = 1,2,3, 
3 dt 3V3 ' 
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which can easily be solved, along with the condition 6 — 0, to give: 



> J (t) = ^* + 7j 



for j = 1,2, 3 



where 71, 72, 73 are real constants which sum to zero. Then 



M = {(0, re*, re*, re*) : r > 0, X , 2 , cf> 3 G K, & + fa + <^3 = 0} , 



which is a U(l) 2 -invariant special Lagrangian cone, as studied in [21 §111. 3. A], 
embedded in R 7 and is therefore in itself not an interesting object of study 
here. Any associative 3- fold constructed with x\ — will be at least a U(l)- 
invariant special Lagrangian cone and so we shall not consider this situation 
further. However, we know that M must be the limiting case of the family of 
associative 3-folds parameterised by A as it tends to . 

We may also solve the equations in the following special case. 

Theorem 4.3 Use the notation of Theorem \4-S\ Suppose that 012 =0:3. Then 
X\,Z\,Z2 and z 3 may be chosen to satisfy x\ + |zi| 2 + | ^2 1 2 + | ^3 1 2 = 1 and 
Imzi = 0. Moreover, they satisfy: 



for some real constants A, B, C and D. 

Proof. Since f3\ = 0, (|16|) implies that the argument of z\ is constant. Using 
U(l) we can take it to be zero so that z\ is real. Moreover, /3i = and (I17| 
imply that x\ and z\ evolve amongst themselves and hence, using (jH]) and (J9j> , 
we deduce that the real function / = |zi|(a; 2 + |zi| 2 — 1) is constant. Note that 
SU(2) acts on the (Z2, z 3 )-plane. We are thus led to calculate 

— (zi(az 2 + bz 3 )(~bz 2 + az 3 )) 



for constants a, 6 G C, which is purely imaginary. Equating real parts for 
(a, b) = (1,-1) and (a, b) = (i, 1) leads to the final two conserved quantities 



In Theorem 231 we have six conditions on seven variables, which thus deter- 
mine the solution to the system of differential equations (j^- (TTTT) and hence the 



Re(z 1 z 2 z 3 ) = A: 
Re( Zl (zi - z 2 )) = C 




±iP2\ Zl \ 2 Re(abz 2 z 3 ) + if3 2 \z 1 \ 2 (\a\ 2 - \b\ 2 )(\z 3 \ 2 - \z 2 \ 2 ) 



in the statement of the theorem. 



□ 
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associative cone constructed by Theorem 14.21 for — ot^. Moreover, we may 
construct a function 7r : R© C 3 — > R 6 by mapping (x±, z%, Z2, Z3) to the six real 
constant functions given in Theorem l4.31 which are defined by the initial values 
(x 1 (0),z 1 (0),z 2 (0),Z3(0)). 

Sard's Theorem [51 p. 173] states that if / : X — > Y is a smooth map between 
finite-dimensional manifolds, the set of y € Y with some x £ f^ 1 (y) such that 
df\ x '■ T X X — > T y Y is not surjective is of measure zero in Y. Therefore, f~ 1 (y) is 
a submanifold of X of dimension dim X — dim Y for almost all y € Y . Applying 
Sard's Theorem, generically the fibres of 7r will be 1-dimensional submanifolds 
of R © C 3 = R 7 . Moreover, we know that these fibres are compact by the 
conditions in Theorem 14.31 Hence, the variables form loops in R 7 for generic 
initial values; i.e. the solutions are periodic in t. We deduce the following result. 

Theorem 4.4 Use the notation of Theorem \4-S\ and suppose that cti = 013. For 
generic values of the functions x\, Z\, Z2 and 2:3 att = 0, the associative 3-folds 
constructed by Theorem \4-%\ are closed U(l) -invariant cones over T 2 in R 7 . 

This family of cones is determined by four real parameters, whereas the 
corresponding SL family, as discussed in [?J §7], is parameterised by one rational 
variable. Therefore, these cones are generically not SL. 

We may also apply the theory described in [6l §6] to the family of cones 
given in Theorem l4.4l to produce examples of ruled associative 3-folds which are 
asymptotically conical. We thus define the terms we require, noting that a cone 
C in R 7 is said to be two-sided if C = — C. 

Definition 4.5 Let M be a 3-dimensional submanifold of R 7 . A ruling of 
M is a pair (E, 71"), where E is a 2-dimensional manifold and ir : M — > S is a 
smooth map, such that for all a £ S there exist v CT S S e , w CT € R 7 such that 
7r _1 ((T) = {rv ff + Wg- : r € R}. Then the triple (M, S, it) is a ruled submanifold 
of R 7 . 

An r-orientation for a ruling (S, tt) of M is a choice of orientation for the 
affine straight line 7r _1 (tr) in R 7 , for each a € S, which varies smoothly with a. 
A ruled submanifold with an r-orientation for the ruling is called an r-oriented 
ruled submanifold. 

Let (M, £,7r) be an r-oriented ruled submanifold. For each a € E, let 0(<r) 
be the unique unit vector in R 7 parallel to 7t _1 (ct) and in the positive direction 
with respect to the orientation on 7t _1 (ct), given by the r-orientation. Then 
<t> : E — > 6> 6 is a smooth map. Define ?/> : E — > R 7 such that, for all a S E, 
is the unique vector in 7t _1 ((t) orthogonal to <^(cr). Then ip is a smooth map 
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and we may write 



M = {r<f>{a) + ijj{a) : a e E, r e R}. (19) 

Define the asymptotic cone Mq of a ruled submanifold M by 

Mo = {v G R 7 : v is parallel to 7r _1 (<7) for some a S E}. 

If M is also r-oriented, then 

M = {r0(cr) : a £ S, r £ 1} (20) 

and is usually a 3-dimensional two-sided cone; that is, whenever <j> is an immer- 
sion. 

Definition 4.6 Let Mq be a closed cone in R 7 and let M be a closed nonsingular 
submanifold in R 7 . We say that M is asymptotically conical to Mo with rate a, 
for some a < 1, if there exists some constant R > 0, a compact subset if of M 
and a diffeomorphism ^ : Mq \ Br — ► M\K such that 

|V*(#(x) - t(x))| = 0(r Q - fe ) for fc € N as r -> oo, 

where is the closed ball of radius i? in R 7 and i : Mo —> M 7 is the inclusion 
map. Here | . | is calculated using the cone metric on Mo \ Br, and V is a 
combination of the Levi-Civita connection derived from the cone metric and 
the flat connection on R™, which acts as partial differentiation. 

We now use the construction involving holomorphic vector fields given in [51 
Proposition 6.8] 

Theorem 4.7 Use the notation of Theorem \4-S\ and suppose that cti — a 3 = 
— 1. Let M, as given in Theorem \4-S\ be an associative cone over T 2 , which, 
by Theorem \4-4\ occurs for generic choices of xi(0), Zi(0), 2:2(0) and 23(0). Let 
u, v : R 2 — > R be functions satisfying the Cauchy-Riemann eguations and let 
Mo = M U (-M) U {0}. The subset M u>v 0/lffiC 3 given by 

M UyV = {(rx 1 (t)+v(s,t)(2\z 1 {t)\ 2 ~ |z 2 (i)| 2 - \z 3 (t)\ 2 ), 

e 2ls (r + 2iu(s,t) - 2v(a,t)x 1 (i))zi(t), 

e~ ts (Or — iu(s, t) + v(s, t)x\(i)\ z<z{t) — 3iv(s, t)zszi ) , 

e~ is ({r -iu(s,t) + v{s,t)xi(t))z 3 (t) + iiv{s,t)T[z^)^ : r,s,teRj 

is an r-oriented ruled associative 3-fold in R = R® C 3 . Moreover, M u<v is 
asymptotically conical to Mq with rate —1 in the sense of Definition ^. 6\ 
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Proof. Define <j> : E 2 -> E © C 3 ^ E 7 by 



0(«,t) = (ari(t), e 2is z x {t), e- ts z 2 (t), e^ s z 3 (t)). 

Since x 2 + \z\\ 2 + \z 2 \ 2 + \z 3 \ 2 = 1,0 maps into 1S 6 , and we can write M in the 
form ([20]). Define a holomorphic vector field iu using u and « as follows: 

w = u(s,t)— + v(s,t)— . 

os at 

Define ijj — C w (f>, where C w denotes the Lie deriviative with respect to w, and 
define M UyV by (|19p for these choices of (j> and ip. Calculation using equations 
©-(HI) of Thcorcm l4.2l shows that M UtV can be written as stated in the theorem. 
Applying Proposition 6.8 & Theorem 6.9], since Mq is a cone over T 2 , gives 
us the various properties of M u<v as claimed. □ 

Remark Although M and hence Mq is U(l)-invariant, M u<v will not be in 
general. 



5 SU(2)-invariant Cay ley 4-folds 

We consider three different natural actions of SU(2) on C 4 = E 8 in Spin(7), 
though the first two only give trivial examples of Cayley 4-folds. The first is 
where SU(2) acts on C 4 S C 2 ©C 2 in the usual manner upon one C 2 and trivially 
upon the other. The construction using this action gives an affine C 2 C C 4 as 
the Cayley 4-fold. The second is where SU(2) acts on C 4 = C 3 © C as SO(3) on 
C 3 and trivially on C. The construction then produces a complex surface in C 4 
as the Cayley 4-fold, which may be written as follows: 

{(zi, Z2, Z3, Z4) : z\ + z\ + z 2 — A, Z4 — i?} , where A, B G C are constants. 

We therefore turn our attention to the diagonal action of SU(2). 
Definition 5.1 Let 

*=(_« l)*sw), 

where a, b e C such that |a| 2 + |6| 2 = 1. Then X acts on {z x , z 2 , z 3 , z 4 ) e C 4 = M 8 
as: 

X ■ (z l7 z 2 , Z3, 24) = (azi + bz 2 , —bzi + az 2 , az 3 + bz 4 , —bz 3 + az 4 ). 
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Define smooth maps V* : SU(2) C 4 = R 8 by: 

1> t (X) =X- (z 1 {t),z 2 (t),z 3 (t),z 4 (t)), 

where Zi(t), Z2(t), z 3 (t) and Z4 (t) are smooth functions of t. 

Calculation shows that we may take the following three complex matrices as 
a basis for the Lie algebra of SU(2) acting in this way: 



Ui = 



( i \ 

-i 

i 

\ -i J 



Uo = 






1 







-1 




















1 








-1 


/ 



and U 3 = 



/ i \ 

i 

% 

V i J 



If we let Uj = {ipt)*{Uj) for j = 1, 2, 3, 
9 9 9 9 



ui = i \ zi- zi— - z 2 - h z 2 -t— - + z 3 - z 3-^~ - r Zi — 

az\ oz\ OZ2 0Z2 0Z3 0Z3 0Z4 0Z4 

9_9 9_9 9_9 9_9 

"2 = ^2Tj 1- Z2 71 2lg 2-1 TTTT" + Z 4 - h ^4T^ Z 3 Z 3 —~ and 

ozi azi 0Z2 0Z2 oz 3 oz 3 0Z4 0Z4 



9 



9 



9 



9 



9 



9 



9 



9 



u 3 = l\ z 2 - z 2 — + zi- Z\ — + Z4- Z4— + z 3 - z 3 — 

oz\ az\ 0Z2 0Z2 oz 3 oz 3 0Z4 0Z4 



Thus, if we take x = U\A U 2 A U 3 , (tpt)*{x) — u i A u 2 A u 3 . Using the equations 
above for u., and the formula ([3]) for <&o, we may calculate the right-hand side 
of El: 



u>^u=($ ) Qbcd ( 50 ) de 
= (zi (\zi 



2 + \M 2 



\Z 3 \ 2 - |Z 4 | 2 ) + 2(Z1Z 4 - Z 2 Z 3 + Z 2 Z 3 )Z4) -g — 



+ (Ml (|zi| 2 + \Z 2 \ 2 + \Z 3 \ 2 - |Z 4 | 2 ) +2(Z1Z 4 - Z 2 Z 3 + Z2Z3> 4 ) 



(Z2(\ZI\ 2 + \Z2\ 2 



N 2 + M 2 ) 



2(Z1Z 4 - Z 2 Z 3 - ZlZ4)Z 3 ) — 



[z2 (|^i | 2 + |z 2 | 2 - 1^3 1 2 + I -Z4 1 2 ) - 2(ziz 4 - Z 2 Z 3 - ZlZ4)z 3 ) 



dz 2 
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Q 

+ (z 3 (\zi\ 2 - \z 2 \ 2 + \z 3 \ 2 + \z 4 \ 2 ) - 2{z x z 4 ~ z 2 z 3 - ziz 4 )z 2 ) — 

d 

+ (z 3 (|zi| 2 - \z 2 \ 2 + \z 3 \ 2 + \z 4 \ 2 ) - 2(z!Z 4 - z 2 z 3 ~z^zZ)z 2 ) — 

az 3 

g 

+ (z 4 (-|zi| 2 + \z 2 \ 2 + \z 3 \ 2 + \z 4 \ 2 ) + 2( Zl z 4 - z 2 z 3 + z 2 z 3 )z x ) — 

d 

+ (z 4 (-|zi| 2 + \z 2 \ 2 + \z 3 \ 2 + \z 4 \ 2 ) + 2( Zl z 4 - z 2 z 3 + z 2 -z^)z 1 ) — 



Moreover, 

dipt sr-^ dzj d dzj d 

~dt ' ~ ~^~dl~dzi ^~dtdz~' 

Equating both sides of ([6]) and using Theorem 13.61 gives the following result. 



+ 2{z\z 4 — 


z 2 z 3 


— 2{z\z 4 — 


z 2 z 3 


— 2{z\z 4 — 


z 2 z 3 


+ 2{z\z 4 — 


z 2 z 3 



Theorem 5.2 Let z\{t) , z 2 (t) , z 3 {t) , z 4 (t) be smooth complex-valued functions 
of t satisfying 

^7 = zi (M 2 + N 2 + N 2 - M 2 ) + 2( Zl z 4 - z 2 z 3 + z 2 z 3 )z 4 , (21) 
dz 

-jr = z * (M 2 + M 2 + \z 2 \ 2 - \z 3 \ 2 ) - 2( Zl z 4 - z 2 z 3 ~ Zl z 4 )z 3} (22) 

^ = z 3 (M 2 + M 2 + N 2 -k 

j 

~^ = z i (M 2 + N 2 + \z 4 \ 2 - |zi| 2 ) + 2{ Zl z 4 - z 2 z 3 + z 2 z 3 )z x (24) 

for all t G (— e, e), for some e > 0. The subset M of C 4 = M 8 defined by 

M = {X- (zx{t),z 2 (t), z 3 (t), z 4 (t)) : t e (-e, e), X e SU(2)}, 

where the action of SU(2) on C 4 is given in Definition ] 5. 11 is a Cayley J^-fold 
in M 8 . 

We are able to give an explicit description of the Cayley 4-folds constructed 
in Theorem 15.21 Let u(t) be a real- valued function satisfying 

^ = 2(\z 1 \ 2 + \z 2 \ 2 + \z 3 \ 2 + \z 4 \ 2 )u. (25) 



We observe, using (|2T|) - (|24|) . that the following quadratics satisfy (|25|) : 

\zi\ 2 - \z 2 \ 2 + \z 3 \ 2 - \z 4 \ 2 ; ziz 2 + z 3 z 4 ; 

Re(ziZ4 — z 2 z 3 ); and z\z 3 + z 2 z 4 . 
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Hence, each of these quadratics is a constant multiple of u. The first two 
correspond to the moment maps of the SU(2) action and the latter two are 
SU(2)-invariant. The first two quadratics are not SU(2)-invariant, but 

Q(Z!,Z 2 , z 3 , z 4 ) = (\ Zl \ 2 - \z 2 \ 2 + \z 3 \ 2 - |z 4 | 2 ) 2 + 4|ziz 2 + z 3 z 4 | 2 

= (\zi\ 2 + \z 2 \ 2 ) 2 + (|z 3 | 2 + |z 4 | 2 ) 2 + 2\ Zl z 3 + z 2 z 4 \ 2 - 2\z lZi - z 2 z 3 \ 2 (26) 

is SU(2)-invariant and is a constant multiple of u 2 . 
Using (J2U)-(1MI), we calculate 

^■Im(ziz 4 - z 2 z 3 ) = -2(|zi| 2 + \z 2 \ 2 + \z 3 \ 2 + |z 4 | 2 ) Im(ziz 4 - z 2 z 3 ). 
at 

Therefore, by (|25[) . Im(z 4 z 4 — Z2Z3) is a constant multiple of u _1 and is an 
SU(2)-invariant quadratic. We then state our result, which is immediate from 
our discussion above. 

Theorem 5.3 Let A, B, C and D be real constants. Let M C C 4 = M 8 be 

defined by 

M = {X ■ (zi, z 2 , z 3 , z 4 ):Xe SU(2)}, 

where the action of X £ SU(2) on C 4 is given in Definition \5.1\ and z 4 , z 2l z 3 , z 4 
satisfy: 



Q(zx,z 2 ,z 3 , z 4 ) (Im(ziz 4 - z 2 z 3 )) 2 = A 
Re(ziz 4 — z 2 z 3 ) Im(ziz 4 — z 2 z 3 ) = B 
Re(ziz 3 + Z2Z 4 ) Im(ziz 4 — z 2 z 3 ) = C 



(27) 
(28) 
(29) 



Im(ziz 3 + z 2 z 4 ) Im(ziz 4 — z 2 z 3 ) = D, (30) 

with Q(zi, z 2 , z 3 , z 4 ) given by (1261) . Then M is a Cayley J^-fold in M 8 . 

The set of conditions (|27 |) -([30 | on the complex functions z 4 , z 2 , .23, 2:4 consists 
of setting one real octic and three real quartics to be constant, which defines 
a 4-dimensional subset of C 4 . Hence, Theorem 15.31 completely describes the 
SU(2)-invariant Cayley 4-folds given by Theorem [ 



6 Further examples 

In this final section we present an example of a symmetry group and its cor- 
responding system of ordinary differential equations for each type of calibrated 
submanifold considered in this paper. These equations are derived using the 
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method introduced in £)3.21 Since the calculations involved in this method have 
already been described in detail through the work of the previous two sections, 
we feel justified in our omission of the relevant calculations here. 

Though the author has had little success in attempting to solve the systems 
in this section himself, it is hoped that their exposition will be useful to others. 

6.1 Associative 3-folds invariant under a subgroup of 

R x U(l) 2 

We may decompose R 7 = R © C 3 , and so the action of R X U(l) 2 on R 7 may be 
written as: 

(x 1) z 1 ,z 2 ,z 3 ) — ( Xl +c, e^zx, e*z 2 , e~^+^z 3 ), c,<f>x,(j>2 e R. (31) 

However, we want a two-dimensional orbit, so we choose a two-dimensional 
subgroup of R x U(l) 2 . 

Definition 6.1 Let A, fj,, v be real numbers which are not all zero. Define G to 
be the subgroup of 1 x U(l) 2 which acts as in (|3Tj) with the following imposed: 

Ac + M0i+W»2 = O. (32) 

If fi = v = 0, then G is U(l) 2 . Suppose [iv ^ 0. If there exist coprime integers 
p and q such that fip + vq = 0, then G is K. x U(l) and otherwise it is an R 2 
subgroup. 

Using the method of £13.21 provides the following theorem. 

Theorem 6.2 Let X\{t) be a smooth real-valued function of t and let z\(t), 
z 2{t), z 3(t) be smooth complex-valued functions oft such that 

dz 

— = -vzx - \z~2~zz~ , (34) 
— - = [iZ2 — \z 3 zx and (35) 

^ = (y — fj,)z 3 — \z1z2 , (36) 

using the notation from Definition 16'. 11 There exists e > such that these 
equations have a solution for t £ (— e, e) and the subset M of R © C 3 = R 7 
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defined by 

M = {(xy(t) + c, e^zy(t), e^z 2 (t), e -^ 1+< ^z 3 (t)) : 

iG(-e,e), (c,e*,e*)eG} 

is an associative 3-fold in M . Moreover, M does not lie in {x} x C 3 for any x £ 
R ; as long as not both fj, and v are zero, and (|34[) - (136p imply that Im( Z yz 2 z 3 ) = 
A, where A is a real constant. 

Proof. We only need to prove the last sentence in the statement above. We 
deduce immediately from (|33p that xy is constant in the direction transverse to 
the group action, though it is changing along the group action (as long as not 
both \i and v are zero), which means that M does not lie in {x} x C 3 for any 
real constant x in this case. We also note from (|34p - ([36|) that 

j t {z lZ2 zz) = -A(M 2 |z 3 | 2 + N 2 N 2 + N 2 M 2 ), 

which is real, therefore lm(ziz 2 z 3 ) is a real constant. □ 

There are two trivial cases which may be solved immediately. 

Firstly, suppose A = 0. This is not geometrically interesting since it implies 
that G contains all possible translations in the first coordinate. Solving (|34| -(|36 | 
shows that 

M = R x | (Aie^ 1 -"*, A 2 e l ' t > 2+ >* t , A 3 e~ l{<t ' 1+4 ' 2)+(u -' l)t ' S j : 

t G R, n<f>i + W>2 = oj, 

where Ay, A 2 , A3 are complex constants such that Im^i^^b) = A. The 
expression in brackets above defines a holomorphic curve in C 3 . 

The other case is when = v = 0. This forces c = in G, so there is 
no translation action in G, which means that M will be an embedded U(l) 2 - 
invariant SL 3-fold as studied in [2, §111. 3. A]: 

M = {(xy,Zy, z 2 , z 3 ) g R 7 : Xy = X, Im(ziZ 2 ^3) = A, 

\zy\ 2 -\z 3 \ 2 =B, |z 2 | 2 -|z 3 | 2 = C} 

for some x, A,B,CG R. 

6.2 U(l) 2 -invariant coassociative cones 

We consider coassociative 4-folds invariant both under the action of U(l) 2 on 
the C 3 component of R 7 = R © C 3 and under dilations. 
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Definition 6.3 Let K + denote the group of positive real numbers under multi- 
plication. Define an action of K + x U(l) 2 on K 7 = K ffi C 3 by 

(x 1 ,z 1 ,z 2 ,z 3 ) ' — ► (rx u re* 01, re lct>2 z 2 , re^^ I+ ^^ 3 ), r > 0, fa, fa e R. 

(37) 



We again apply the method described in Q'3.21 though this time we must 
choose our orbit so that tpo vanishes on it. This constraint imposes the condition 
Re(ziz 2 z 3 ) = 0. We thus have the following result. 

Theorem 6.4 Let x%(t) be a smooth real-valued function of t and let Z\(t), 
Zzit), Zs(t) be smooth complex-valued functions oft satisfying 



~dt 
dz\ 
~dt 



-3Im(ziz 2 z 3 ), (38) 
zi(\z 2 \ 2 - \z 3 \ 2 ) + ix!zjz^, (39) 



-Jr = z 2 (\z 3 \ 2 - \zi\ 2 ) + ixiz 3 zx and (40) 

^ = z 3 {\z 1 \ 2 -\z 3 \ 2 )+ix 1 ziZ2, (41) 
along with the condition 

Re(z 1 z 2 z 3 ) = (42) 
at t = 0. The subset M o/MfflC 3 = M 7 defined by 

M = {(rai(t), re^zxit), re^ 2 z 2 (t), re^ 1 ^ z 3 (t)) : r > 0, fa,fa,te r} 

is a coassociative 4~fold in R 7 . Moreover, (|42[) holds for all t € R and a; 2 + 
l^i 1 2 + 1^2 1 2 + 1^3 1 2 is a constant which can be taken to be 1. 

Proo/. It is immediate from (|58"] ) -(|41" j) that x\ + \ Zl \ 2 + |z 2 | 2 + |z 3 | 2 is a constant 
which can be chosen to be 1 without loss of generality. We may also calculate 

|(W 3 ) = ZX 1 (|Z 2 | 2 |Z 3 | 2 + \Z 3 \ 2 \ Z1 \ 2 + \ Z1 \ 2 \Z 2 \ 2 ) 

using (f38|) - (f4"Tj) and deduce that Re(ziz 2 z 3 ) is a constant which has to be zero 
since (|42|) holds at t = 0. Theorem 13.51 only gives us that solutions to (f38]> - (I41[) 
exist for t 6 (— e, e) for some e > 0, but solutions exist for all t, as argued in the 
proof of Theorem 14. 2\ since the functions involved are all bounded. □ 
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6.3 U(l) 2 -invariant Cayley cones 

We conclude by turning our attention to Cayley cones which are invariant under 
a U(l) 2 subgroup of U(l) 4 . 

Definition 6.5 Let G C U(l) 4 be defined by 

G = {(e iQl , e iQ2 , e ia \ e M4 ) : a u a 2) a 3 , a 4 € R satisfy 

Qu + a 2 + a 3 + a 4 = and ai«i + 02^2 + &3C*3 + 0404 = 0} 

for coprime integers 01, &2, 03, 04 with ai + 02 + &3 + 04 = and ai < 02 < 03 < 
04. This acts on C 4 = K 8 in the obvious way as a U(l) 2 subgroup of U(l) 4 . 



Theorem 6.6 Use the notation of Definition \6.b\ Let Zj(t) for j — 1,2,3,4 be 
smooth complex-valued functions of t satisfying 

^j- = aiz 2 z 3 z A + i zi((a 4 - a 3 )|z 2 | 2 + (a 2 - a 4 )|z 3 | 2 + (a 3 - a 2 )|z 4 | 2 ), (43) 

^ = a 2 Z3Z4Z! + i z 2 ((a 4 - ai)|z 3 | 2 + (ai - a3)M 2 + (03 - a4)|zi| 2 ), (44) 

^ = a 3 z i ziz 2 + i Z3((fl2 - ai)|24| 2 + (04 - <32)|^i | 2 + («i - a 4 )|z 2 | 2 ) and 

(45) 

^ = a 4 ziz 2 Z3 + ~ z 4 ((a 2 - a 3 )|zi| 2 + (a 3 - ai)|z 2 | 2 + (»i - a2)|z3| 2 )- (46) 

XTie subset M of C 4 = R 8 given by 

M = {(re iai zi(t), re la2 z 2 (t), re ia3 z 3 (t), re la *z A {t)) : 

r > 0, (e Ml , e iQ2 , e M3 , e M4 ) 6 G, t 6 K.} 

is a Cayley J^-fold in ]R 8 . Moreover, |zi| 2 + 1 2:2 1 2 + 1 2^3 1 2 + 1 2:4 1 2 is a constant 
which can be taken to be 1 and \vafz\z 2 z 3 ZA) = A for some real constant A. 

Proof. It is clear from (|4"3"]) - (|4l)|) that \zi\ 2 + . . . + | ^4 1 2 is a constant and that we 
can take this constant to be 1 without loss of generality. Furthermore, 

{z 1 z 2 z 3 z i ) = ax\z 2 z 3 z^ + a 2 \z 3 Z4Zi\ 2 + a 3 |z 4 ziz 2 | 2 + a 4 |ziz 2 ^3| 2 , 

which is purely real. Therefore lm(ziZ 2 z 3 Z4,) = A is constant. Theorem l3.6l onlv 
gives existence of solutions of t E (— e, e) for some e > 0. However, by the same 
argument as in the proof of Theorem l4.21 solutions exist for all t £ K, using the 
boundedncss of the functions involved. □ 
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